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Abstract. As an application of the Gordon lemma for orthogonal polynomi- 
als on the unit circle, we prove that for a generic set of quasiperiodic Vcrblun- 
sky coefficients the corresponding two-sided CMV operator has purely singular 
continuous spectrum. We use a similar argument to that of the Boshernitzan- 
Damanik result that establishes the corresponding theorem for the discrete 
Schrodinger operator. 
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1. Introduction 

We concern ourselves primarily with the one-dimensional discrete Schrodinger 
operator with quasiperiodic potential. The discrete Schrodinger operator is a li? (Z) 
operator i7 = A + y„ where A is the discrete Laplacian and Vn is known as the 
potential sequence. The unitary analogue of the discrete Schrodinger operator is 
the CMV operator, the £^(Z) operator £, given by 
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where {a(n)}„gz is a sequence in D, the open unit disk, and p(n) = (1 — |q;(7i)P)^/^. 
The a(n) are known as Verblunsky coefficients. The one-sided version of this opera- 
tor is essential in the study of orthogonal polynomials corresponding to probability 
measures on the unit circle. The Verblunsky coefficients are the recurrence coeffi- 
cients of those polynomials, and the spectral measure of the one-sided operator is 
exactly the probabilty measure used to generate the polynomials. This is analogous 
to the way that the one-sided discrete Schrodinger operator is related to the study 
of orthogonal polynomials corresponding to probability measures on the real line. 

It is thus natural to ask if the results pertaining to the discrete Schrodinger 
operator with quasiperiodic potential also hold in the context of CMV operators 
with quasiperiodic Verblunsky coefficients. In this note, we observe that some 
facts pertaining to generic spectral decomposition properties of the quasiperiodic 
Schrodinger operator apply to the CMV case as well. Specifically, we assert that 
the result of |BD08| has a CMV analogue. 

Let us first explain the dynamical setting that underlies the results of this note. 
We define as a compact metric space, T : — > 17 a homcomorphism and [i a 
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T-ergodic Borel probability measure on n. We also define /, the sampling function 
to be a continuous function on il. For the Schrodinger operator, the range of / is R 
and we let Vn = /(T"a;), for to € fl. Similarly, for our unitary setting / is a function 
in C(ri, ED) and we let a{n) = f{T"uj), for w G fi. We express the corresponding 
CMV operator as £^1- 

An important example of quasipcriodic dynamics is the minimal shift Tuj = w + a 
on a d-dimcnsional torus, 57 = T''. The paper [BD08) proves generic absence of 
point spectrum of the Schrodinger Operator for quasiperiodic rotations on a d- 
dimensional torus and for skew-shifts on T^. In this note, we verify that with some 
modifications the same arguments apply to the CMV context as well: 

Theorem 1. For almost every w G f7 and T either a minimal shift on = T'^ or 
a skew-shift on given by T(u!i,u!2) = ("^i + 2a,aji +u!2), there exists a dense 
Gs set of sampling functions in C(ri,B) for which the corresponding CMV operator 
has empty point spectrum. 

Also, we can deduce as an immediate corollary. 

Theorem 2. For almost every a; G 17 and T either a minimal shift on ^ = or 
a skew-shift on given by T(u!i,uj2) = i^i + 2a, oji -\-uJ2), there exists a dense 
Gs set of sampling functions in C(ri,D) for which the corresponding CMV operator 
has purely singular continuous spectrum. 

Proof. Theorem [1] says that we have absence of point spectrum. According to 
[Zhal2j , we have generic singular spectrum for orthogonal polynomials on the unit 
circle with aperiodic Verblunsky coefficients. The conclusion follows immediately. 

□ 

2. Definitions and preliminaries 

We begin with some setup. Any reference to (eTRP), (eMRP), (eGRP) refers to 
the definitions (TRP), (MRP), (GRP), expressed as Definitions 2,3 and 4 in |BD08j 
with a small modification. More specifically, we replace the repetition property in 
those definitions with the following even repetition property 

Definition 1 (Even Repetition Property). A sequence {oJk}ke[o,j] has the even 
repetition property if for every e > 0, s > there exists an even integer q > 2 such 
that dist{u! k,i^k+q) < e for fc = 0, . . . , [sgj . 

More explicitly, (fi, T) satisfies the (eTRP) condition if the set of points in 17 
whose forward orbit satisfies the even repetition property is dense in ft. (17, T) 
satisfies the (eMRP) property if that set is full measure instead of dense, and it 
satisfies (eGRP) if all forward orbits satisfy the even repetition property. 

Our Verblunsky coefficients will be generated by a homeomorphism T of a com- 
pact metric space 17 and a continuous sampling function / G C(17,D) so that 
a(n) = /(r"w). 

According to |0ngl2| , there must exist a positive real- valued function T{k,q,r) 
with k,q &Z+ so that if {a{n)}, {a{n)} are two sequences of Verblunsky coefficients 
with distance at most r from the origin, corresponding to the matrices A„,A„ 
respectively, (where these matrices are defined in Section 2 of |0ngl2| ) and if 

\a{n) - a{n)\, \a{n + 1) - a{n + 1)|, \a{n + 2) - a{n + 2)|, 

are all less than r(fc, g,r), this implies that ||A„ — < fc^'^. We then define a 
Gordon sequence: 
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Definition 2 (Gordon sequence). A two-sided sequence of Verblunsky coefficients 
a{n) such that there exists a sequence of even positive integers Qk oo so that 

max \a{n} - a(n ± qk)\ < . 

is a Gordon sequence . Here, ru is a positive real number less than 1 for which 
a{~2qk + 1), . . . , ot{2qk + 1) all lie in a disk of radius r^ centered at the origin. 

According to Corollary 1 of |0ngl2| , CMV operators corresponding to such 
sequences have no point spectrum. 

3. Main theorems and proofs 

Theorem 3. Suppose {^,T) is minimal and satisfies (eTRP). Then there exists 
a dense Gg subset of J- o/C(f2,]D)) such that for every f £ J- , there is a residual 
subset fiy C with the property that for every uj €z ^If, the sequence of two-sided 
Verblunsky coefficients defined above is a Gordon sequence. 

Proof. The proof is similar to the proof found in jBDOSj , with some small modifi- 
cations. 

By assumption, there is a point a; S whose forward orbit has the even repetition 
property. For each k e we consider e = 1/fc, s = 4 and the associated qk = 
q{e, s) in Definition [TJ We then have that — > oo as fc — >■ oo. Now take an open 
ball Bk around lu with radius small enough so that 

r"(Sfe), 1 < 71 < 5«7fc 

are disjoint and, for every I < j < qk, 

4 

|JrJ+'*(i?fe) 

is contained in some ball of radius 5e. Define 

4 

Ck = {./ e C{n, D) : / is constant on each set |J T'+^i" {Bk), l<j< qk}, 
also define 

J-fc = |/ e G{n,B) : 3/ G Ck, such that ||/ - /|| < 1 
Note that J-k is an open neighborhood of Ck , and hence for each m 

k>'fn 

is an open and dense subset of C(0,D). This follows since every / g C(r2,D) is 
uniformly continuous and the diameter of the set [J'I^qT^'^'''^'' {Bk) goes to zero, 
uniformly in j as fc — > oo. Thus 

m>l k>7n 

is a dense Gg subset of C(rJ,D). 

Consider some / e J-. Then / e Tk^ for some sequence fc; oo. Observe that 
for every m > 1, 

l>m j — l 



r(fc,<zfe, 11/11 
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is an open and dense subset of since T is minimal and qki oo. Thus 

= n u u^'^'""'(^fc^) 

m>l />?n J — 1 

is a dense G5 subset of ft. 

Given w e w belongs to Uj=i T'^^'^"' (-Sfe, ) for infinitely many I. For each 
such ^, we have by construction that 

r(fc,<?fc, 11/11) 



max 



l<J<qki 4 

max \f{T^oj) - /(T^+i-i < '^^^ ' l-^' ^ 

max \f{T^~'"'iu) - f{T^uj)\ < ''■^''^ 

^<3<1k, 4 



and 



max |/(T^-2ft<cj) - f{T^-''^iLo)\ < "^^^ 

l<j<9fc, 4 

Thus a(n) = /(r"a;) is Gordon. □ 

Theorem 4. Suppose that {fl,T,fi) satisfies (eMRP). Then there exists a residual 
subset T o/C(r2,D) such that for every f ^ J- , there exists a subset flf C of full 
fi measure with the property that for every w G the corresponding sequence of 
two-sided Verblunsky coefficients is a Gordon sequence. 

The proof of this theorem is almost exactly the same as that of Theorem 3 of 
[BDOSj . except that we define 

= (/ e Cin,B) : 3/ e F„ such that ||/ - /|| < ^ Z^^^^'*' 



2 V 4 

and make some other minor adjustments. 

Theorem 5. Every minimal shift Tu = u! + a on the torus T** satisfies (eGRP). 

Proof. Note that the assumption that the condition that (T'',r) satisfies (cGRP) 
is the same thing as saying that (T'', T') defined by T'w = w + 2a satisfies (GRP). 
But this is true by Theorem 3 of jBD08) . □ 

Definition 3. o G T zs called badly approximable if there exists a constant c > 
such that (aq) > c/q for every g G Z \ {0}, where (. . .) refers to distance from Z. 

Theorem 6. For a minimal skew-shift T{uji,uj2) = [uJi + 2a,L0i + UJ2) on the torus 
, the following are equivalent. 

(i) a is not badly approximable 
(a) {n,T) satisfies (eGRP) 
(Hi) (f],T,Lcb) satisfies (eMRP) 
(iv) ln,T) satisfies (eTRP) 

Proof. Note that since (eTRP) is a stronger condition than (TRP), and (cGRP) =^ 
(cMRP) =^ (eTRP), and since Theorem 4 in |BD08| asserts that (TRP) =^ (i), 
we only need to prove (i) — (ii). 

Assume that a is not badly approximable. This means that there is some positive 
integer sequence q^ ^ 00 such that 

lim qk {aqk) = 0. 

k—hoo 
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Furthermore, if we double all the qkS, clearly this limit still equals zero. Thus we 
may assume all the g^s are even. 

Iterating the skew shift n times, we find 

T"{uJi,uj2) = {^1 + 2na,uj2 + nui + n{n — l)a). 

Therefore, 

(1) r"+9(wi,W2) -T"(wi,a;2) = i2qa,quJi + q^a + 2nqa-qa). 

Let {uJi,uj2) e T-^, e > and ?- > be given. We will construct an even sequence 
gfe — > oo so that for 1 < n < rqk, 

{2qka, qkUJi + qla + 2nqka - qko) 

is of size 0(e). Each qk will be of the form m^qk for some ruk £ {1,2,..., [e~-^J +1}. 
We can see that every term of Equation [T] except qkijJi goes to zero as /c —> oo, 
regardless of the choice of m^, and hence is less than e for k large enough. To 
treat the remaining term, we can just choose rrik in the specified e-dependent range 
so that (jkUJi = mfc((7feWi) is of size less than e as well. Consequently, the orbit of 
(wi, ^2) has the repetition property. Since (wi, a;2) was arbitrary, (eGRP) holds. □ 

Proof of Theorem]^ By Theorem we know that minimal shifts satisfty (eGRP) 
and hence (cMRP) and (cTRP). By Theorem [6] wc know that skew shifts with o 
not badly approximable satisfy (eMRP). Note that the set of badly approximable 
a's has zero Lebesgue measure ( jKhi97| . Theorem 29 on p. 60). We then apply 
Theorems [3] and m to conclude our proof. □ 
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